
Establishing high-quality 
mathematics instruction at scale
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Shortly about me

Teacher and professor
• Teacher in mathematics 

and history
• Professor and researcher:

– Mälardalens university
– University of Oxford
– Stockholms university
– Umeå university
– Halden, Norge
– Örebro university

Improving mathematics 
teaching at scale:

1. Collaboration  
between schools –
universities

2. Professional 
development

3. Research-based 
curriculum materials

4. Teacher educations
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Research for improving 
mathematics instruction at scale
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System of 
resources Teachers High-quality 

teaching

Students – 
learning, 
feelings, 

motivation



What characterize students in high-
quality mathematics classrooms?

• Which cognitive processes?
• How are they acting in the classroom?
• How do they feel?
• How do they view themselves as learners?
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Theories about and for 
students in the classroom

EMOTIONS AND BELIEFS
• Motivation and Self-

determination theory (Deci & 
Ryan, 2013)

– Feel competent
– Agency 
– Relatedness

• Learning through mistakes and 
Growth mindset (Dweck, 2006)

• Grit (Duckworth, 2016)

SELF-REGULATION
• Meta cognition (Flavell, 1979)
• Self-regulation (Zimmerman, 

2002)

COGNITIVE PROCESSES
• Cognitive load theory (Sweller, 

2011)
• Struggle with mathematical 

problems, generalize, synthesize, 
compare,… (Hiebert & Grouws, 
2007; Craik & Lockhart, 1972)

ACTING IN THE CLASSROOM
• Active listening, asking questions, 

present initial ideas,… (Kazemi & 
Hintz, 2014)

• Classroom management (Marzano 
& Marzano, 2003)

Andreas Ryve Lund
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High-quality mathematics 
instruction
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How would you describe high-quality 
mathematics teaching?
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High-quality teaching

Active students led by the teacher:
• A focus of understanding the mathematics
• Multiple and connected mathematical 

models and representations
• Cognitive demand and problem solving
• Structured and warm classroom practices
• Cooperative learning practices
• Correct and connected mathematics
(e.g., Praetorius & Charalambos, 2023)
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The mathematical classroom – 
Phases of the lesson
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High-quality mathematics instruction -
Components

Student 
thinking 

and 
actions

Math

Teacher

Norms

Inter-
action

10



1

2

3
11Subtraction – Understanding and fluency 

51 − 49 =

45 46 47 48 49 50 51 52 53 54 54

2

45 46 47 48 49 50 51 52 53 54 54

51 − 3 = 48



1

2

3
12Choose suitable methods

1 902 − 1 897

Which methods are suitable?
Think 

addition

= 5



Exploratory talk – active 
students, led by the teacher

Elicit 
students’ 
thinking

Examine, 
elborate and 

connect 

Students 
seen as 

resources
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Why mathematical discussions?

Verbalize to develop 
understanding
• Explore mathematics thoughts
• Verbalize initial ideas
• Explain how and why

Social
• Creates relatedness and focus
• Variation for motivation
• Developing capacity of ask 

questions, communicate, 
active listening etc

Relate to others
• Listening to other ideas
• Developing by asking 

questions
• Dig into other perspectives
• Building further on others’ 

ideas
Opportunities for teachers to
• Get knowledge of students’ 

thinking
• Adapt and differentiate 

teaching
• Basis for supporting students’ 

meta-cognition
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Context for productive 
mathematical discussions

• Mathematical tasks that enables challenges, guiding 
and encourage students to use several strategies, make 
conceptual connections etc.

• The discussion is part of connected activities in the 
classroom including introduction of the problem, well-
planned group work and follow-up whole-class 
discussion.

• Norms such as listen actively to each other, learning 
from mistakes and looking for pattern and connections 
within mathematics 

• Structure and predictability of lesson
• Explicit teaching about how to act in group-work and 

whole-class discussion? What should you listening for, 
what are good questions to ask each other etc?
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Types of questions (Broadie 
and Boalar, 2009)

3 Exploring 
mathematical 
meaning

Points directly to the underlying 
conceptual meaning or the 'why' 
behind a math relationship.

• "What does it 
actually mean when 
we say two ratios 
are equivalent?"
• "Why does that 
rule work?"

4 Eliciting 
thinking

Asks students to clarify, justify, 
or explain their unique line of 
reasoning.

• "How did you get 
that?"
• "Can you explain 
your thinking to the 
rest of the class?"

5 Generating 
discussion

Prompts students to evaluate, 
critique, or build upon each 
other's contributions.

• "Who agrees or 
disagrees with 
Sarah’s approach, 
and why?"
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Questions Description Examples
1 Gathering 

information
Recalls facts, definitions, or immediate 
procedural steps to see what students remember.

• "What is the formula for the area of a 
triangle?"

2 Inserting 
terminology

Introduces standard mathematical language or 
notation to match a student's informal idea

• "How do we write that using a 
fraction?"

3 Exploring 
mathematical 
meaning

Points directly to the underlying conceptual 
meaning or the 'why' behind a math relationship.

• "What does it actually mean when we 
say two ratios are equivalent?"
• "Why does that rule work?"

4 Eliciting 
thinking

Asks students to clarify, justify, or explain their 
unique line of reasoning.

• "How did you get that?"
• "Can you explain your thinking to the 
rest of the class?"

5 Generating 
discussion

Prompts students to evaluate, critique, or build 
upon each other's contributions.

• "Who agrees or disagrees with Sarah’s 
approach, and why?"

6 Linking and 
applying

Connects different mathematical concepts or 
links mathematics to real-world context.

• "Where else have we used a strategy 
like this?"

7 Extending 
thinking

Pushes students to generalize rules or apply 
ideas to entirely new, more complex scenarios

• "Will this rule always work for any 
number?"

8 Orienting and 
focusing

Redirects students’ attention to the core 
constraints or key components of a problem

• "What is this question actually asking 
us to find?"

9 Establishing 
context

Centers the math problem within non-
mathematical settings or real-world experiences.

• "Why would a store owner need to 
calculate a percentage like this?"
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Talk moves
• Revoicing: You restate a student's idea to clarify 

meaning and confirm understanding. Example: "So you 
are saying that if we double this number, the total 
doubles too?"

• Repeating: You ask another student to restate a peer's 
idea in their own words. This builds active listening.

• Adding On: You invite students to expand, build upon, 
or connect to a classmate's comment. Example: "Would 
someone like to add to that idea?"

• Wait Time: You pause for 3 to 5 seconds after asking a 
question. 



Research for improving 
mathematics at scale
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System of 
resources Teachers High-quality 

teaching

Students – 
learning, 
feelings, 

motivation



Systems for improving mathematics 
instruction at scale (Cobb et al, 2018)
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From textbooks towards powerful 
resources for teachers 
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Instructive and educative for 
teachers

Mathematical 
representations, 
models, visualisations
Mathematical tasks
Exit tickets
Suggestions for teachers 
of what to ask, 
emphasize etc
Assessments

Learning about:
Mathematics
Students’ learning
Teaching methods
How to use the CM 
effectivelyC

la
ss

ro
om

 te
ac

hi
ng

E
ducative curriculum
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1

2

3
25Rik matematik 

TextbookTeacher guides Digitial resources



• More than 300 planned lessons
• More than 300 planned lessons and 

slideshows with about 20 000 
mathematical visualizations 

• 2500 interactional supports for 
teacher of what to high-light, questions to 
ask, moves to make, mathematical 
connections to notice

• More that 1000 tasks designed for pairs 
and group-work and conceptual 
understanding.
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Research-based curriculum 
materials

• Solid scientific ground
– Students’ learning of mathematics
– High-quality teaching 
– Teachers’ knowing and acting in classrooms
– Research on curriculum materials

• Research-based methods in which teachers and 
researchers collaborate in developing and testing the 
resources 

• Evidence about statistically significant 
improvements of students’ mathematics learning in 
quasi-experimental study design.
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Models for effective professional 
development

1. Video observations. Observe and 
analyse classroom teaching (Allen et al., 
2011, 2015; )

2. Colleagues visiting classroom using 
observation protocols (Burgess et al., 2021)

3. Coaching (e.g., Rice m.fl., 2024 )
4. Curriculum materials as a support 

(Garrett et al., 2019) 



Program for professional lesson 
observations
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Procedure for lesson observations 
in the schools
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Colleagues visit each other classrooms

Observation schemes 

Observations followed by individual coding

Discussions following a structured routine 
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Observation scheme

Classroom 
management

Classroom 
climate Mathematics Visible 

learning
Lesson 
phases

Dimensions of mathematics instruction
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Classroom management
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Classroom climate
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Mathematics
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Visible learning
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Lesson phases



Systems for improving mathematics 
instruction at scale
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